Strong mechanical squeezing in an unresolved-sideband optomechanical
  system by Zhang, Rong et al.
Strong mechanical squeezing in an unresolved-sideband optomechanical system
Rong Zhang,1, 2 Yinan Fang,3 Yang-Yang Wang,1, 2 Stefano Chesi,3 and Ying-Dan Wang1, 2, 4, ∗
1Institute of Theoretical Physics, Chinese Academy of Sciences, Beijing 100190, China
2School of Physical Sciences, University of Chinese Academy of Sciences, No.19A Yuquan Road, Beijing 100049, China
3Beijing Computational Science Research Center, Beijing 100193, China
4Synergetic Innovation Center for Quantum Effects and Applications,
Hunan Normal University, Changsha 410081, China
We study how strong mechanical squeezing (beyond 3 dB) can be achieved through reservoir
engineering in an optomechanical system which is far from the resolved-sideband regime. In our
proposed setup, the effect of unwanted counter-rotating terms is suppressed by quantum interference
from two auxiliary cavities. In the weak coupling regime we develop an analytical treatment based
on the effective master equation approach, which allows us to obtain explicitly the condition of
maximum squeezing.
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I. INTRODUCTION
Quantum squeezed states of mechanical resonators
represent a striking exhibition of macroscopic quantum
effects. Besides their conceptual interest, they have
important applications to ultrasensitive measurements
and continuous-variable quantum-information process-
ing [1, 2]. A standard approach to generate squeezing
is to introduce a coherent drive modulating the mechan-
ical spring constant at twice the mechanical resonance
frequency. In cavity optomechanics, such coherent para-
metric drive can be realized by an amplitude-modulated
laser drive [3–7]. However, due to mechanical instabil-
ity, the degree of squeezing generated by this approach
is bounded by the so-called ‘3 dB limit’ [8]. In other
words, any quadrature cannot be squeezed below 50% of
its zero-point level.
Possible ways to overcome the 3 dB limit have been
proposed, but usually pose significant experimental chal-
lenges, e.g., require the assistance of continuous weak
measurement and feedback [9–12], or a strong intrinsic
nonlinearity of the system [13, 14]. Unbounded squeez-
ing can also be generated by injecting squeezed light into
the cavity and transferring optical squeezing into the me-
chanics [15, 16], which requires strong coupling and a
highly squeezed broadband field. Instead, a relatively
simple way to generate strong mechanical squeezing is
based on reservoir engineering [17]. Such proposal has
been demonstrated experimentally [18–21] and recently
the 3 dB limit has been surpassed in Ref. [21]. Neverthe-
less, all these realizations are based on electromechanical
systems, while for optomechanical systems the require-
ment of achieving the deep resolved-sideband regime is
still challenging [22]. This is mainly due to the difficulty
of improving the optical finesse in a cavity with floppy
mechanical elements.
To address this problem, we propose here an improved
∗ yingdan.wang@itp.ac.cn
version of the reservoir engineering approach. As illus-
trated in Fig. 1(a), we consider a driven optomechanical
cavity linearly coupled to two auxiliary high-Q cavities
(these are pure optical cavities without movable elements
and much higher quality factors are realizable). Such
linear coupling can be readily implemented in optome-
chanical systems like microtoroids [23] or photonic crystal
nanobeams [24]. The two auxiliary cavities can be con-
sidered as part of the engineered reservoir for the mechan-
ics and, for carefully chosen parameters, provide the fine
structure necessary to suppress the two counter-rotating
processes in the unresolved-sideband regime. The sup-
pression arises from quantum interference, analogously to
electromagnetic induced transparency (EIT), and relies
on the coherence properties of the two auxiliary modes.
Similar ideas has also been explored in non-resolved side-
band cooling [25–27], with a single auxiliary cavity.
In the following, we first analyze the system based on
a full numerical solution of the Langevin equations. As
shown in Fig. 1(b), we find that squeezing beyond 3 dB in
the unresolved-sideband regime can indeed be achieved
using this approach, with an appropriate choice of re-
alistic parameters. In the weak-coupling limit, we also
derive an effective master equation for the mechanics,
by treating the three coupled optical cavities as an en-
gineered reservoir. Within the effective master equation
approach, we obtain transparent analytical results which
allow us to discuss how to maximize squeezing by opti-
mizing system parameters.
The detailed outline is as follows. In Sec. II we briefly
review squeezing generation via reservoir engineering, in-
troduce our model, and discuss results obtained by solv-
ing the Langevin equations. In Sec. III we derive the
weak-coupling effective master equation and the explicit
expression for the the steady-state mechanical variance.
In Sec. IV we analyze the spectrum of the coupled opti-
cal cavities. In Sec. V we derive the conditions to achieve
maximum squeezing and discuss the experimental feasi-
bility. Section VI contains our concluding remarks and
Appendices A-E discuss some technical details.
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FIG. 1. (Color online) (a) System schematics. (b) Mechanical
squeezing with/without the auxiliary cavities: J/Ω = 0 (red
circles) and J/Ω = 10 (blue squares). Both curves have been
optimized over G+ (at fixed G− = Ω/10) and a symmetric
configuration is assumed: J1,2 = J and κ1,2 = κ. Other
parameters are: κ/Ω = 1/2, ∆1,2/Ω = ±2, nth = 0, γ/Ω =
10−5. Inset: Partial energy diagram of the coupled optical
cavities aˆ and aˆi (i = 1 or 2). E2 (E3) is the energy of
the state with one more photon in the aˆ mode (aˆi mode).
When the probe light has frequency ωp = ωi, the two-photon
resonance condition is satisfied and dips appear in the optical
spectrum at those frequencies. In the rotating frame, the dips
locate at ωp = ωi − ωc = −∆i [cf. Eq. (20)].
II. MODEL
We consider the system schematically shown in
Fig. 1(a) and described by the following Hamiltonian:
Hˆ =ωcaˆ
†aˆ+ Ωbˆ†bˆ+ gaˆ†aˆ
(
bˆ† + bˆ
)
+ Hˆdr
+
∑
i=1,2
(
ωiaˆ
†
i aˆi + Ji(aˆ
†aˆi + aˆaˆ
†
i )
)
+ Hˆenv, (1)
where aˆ is the annihilation operator of the main cav-
ity (frequency ωc), which is coupled to a mechanical
mode (annihilation operator bˆ, frequency Ω) and two
auxiliary cavities (annihilation operators aˆ1,2, frequencies
ω1,2). The coupling to the mechanical mode is a stan-
dard optomechanical interaction with coupling strength
g. J1,2 are the coupling constants between the main and
auxiliary cavities. To induce squeezing of the mechan-
ical state, a two-tone drive is applied to the main cav-
ity [17, 28]:
Hˆdr =
(
α+e
−iω+t + α−e−iω−t
)
aˆ† + H.c., (2)
where ω± = ωc ± Ω are the frequencies of the two laser
drives. Finally, Hˆenv describes the coupling to Markovian
reservoirs. As indicated in Fig. 1(a), the damping rates
of the main cavity, auxiliary cavities, and mechanics are
respectively given by κc, κ1,2, and γ.
For a weak optomechanical interaction g < κ, γ, the
Hamiltonian can be linearized with the standard pro-
cedure, where we perform the displacement transforma-
tions aˆ = α + dˆ for the main cavity, aˆi = αi + dˆi for
the auxiliary cavities (i = 1, 2), and bˆ = β + dˆm for the
mechanical mode, and neglect small nonlinear effect (see
details in Appendix A). Finally, in a suitable rotating
frame, the linearized Hamiltonian reads:
HˆI =dˆ
†(G+dˆ†m +G−dˆm) + H.c.
+ dˆ†(G+dˆme−2iΩt +G−dˆ†me
2iΩt) + H.c.
+
∑
i=1,2
(
−∆idˆ†i dˆi + Ji(dˆ†dˆi + dˆ†i dˆ)
)
+ Hˆenv, (3)
where ∆1,2 = ωc − ω1,2 and G± are the dressed optome-
chanical couplings. The first line of Eq. (3) realizes the
standard squeezing via reservoir engineering [17], since
the cavity can cool the mechanical Bogoliubov mode
Bˆ ≡ dˆm cosh ζ − dˆ†m sinh ζ, (4)
where the squeezing parameter is tanh ζ = G+/G−. As
the vacuum of Bˆ is exactly the mechanical squeezed state
|0〉Bˆ = exp[ζ(dˆ2m − dˆ†2m )/2] |0〉dˆm , cooling of mode Bˆ di-
rectly yields mechanical squeezing. Note that the coeffi-
cients of the Bogoliubov transformation are real, thus the
maximally squeezed quadrature is Xˆ1 = (dˆm + dˆ
†
m)/
√
2
(see Appendix B), with variance e−2ζ/2.
Such an ideal cooling of the Bˆ mode becomes impossi-
ble in the non-resolved sideband regime (κc > Ω), as one
cannot neglect the two counterrotating terms appearing
in the second line of Eq. (3). With respect to the original
mechanical mode, the first counterrotating term (∝ G+,
induced by the upper sideband laser drive) has a cool-
ing effect on dˆm, while the second counterrotating term
(∝ G−, induced by the lower sideband laser drive) has a
heating effect on dˆm. Both processes lead to heating of
the Bogoliubov mode Bˆ. Due to the large optical state
density at these frequencies, mechanical squeezing can-
not be achieved in the unresolved sideband regime. The
degradation of squeezing with κc is illustrated in Fig. 1(b)
where the squeezing is quantified through:
SdB = −10 log10
[
2〈∆Xˆ21 〉
]
. (5)
As seen from the plot, the maximum achievable squeez-
ing decreases with the increasing cavity damping and
large squeezing is only achievable in the resolved sideband
3regime. A quantitative analysis regarding this point will
be given in Section V.
Figure 1(b) also shows that turning on the couplings
with the auxiliary cavities can greatly improve the per-
formance when κc/Ω > 1. Even in the bad cavity limit
(κc/Ω = 10), squeezing beyond 3 dB is achievable under
appropriate conditions, which will be discussed in the rest
of the paper. The general principle is that the auxiliary
cavities allow us to modulate the optical density of states
through destructive interference, and therefore alleviate
the damaging effects of the counter-rotating terms.
The two curves of Fig. 1(b) are obtained by numerically
solving the Langevin equations of the full system [29]. In
the following, to gain physical understanding of the mech-
anism, we pursue an approach based on the effective mas-
ter equation for the mechanical mode. This treatment is
valid in the weak-coupling regime and provides explicit
analytical expressions for the optimal working point and
maximum squeezing.
III. MECHANICAL SQUEEZING IN THE
WEAK-COUPLING REGIME
At weak coupling, i.e., G±  κc, κ1,2, the interacting
cavities can be viewed as a structured environment for
the mechanics. Hence, as described with more detail in
Appendix C, we can follow the standard Born-Markov
procedure [30] and trace out the cavity degrees of free-
dom. As a result, we obtain the following effective master
equation for the mechanics:
dρˆ (t)
dt
=Γ−D(dˆm)ρˆ+ Γ+D(dˆ†m)ρˆ
+ ΓS
(
DS(dˆm)ρˆ+DS(dˆ†m)ρˆ
)
. (6)
Here D(Aˆ)ρˆ = AˆρˆAˆ† − 12 Aˆ†Aˆρˆ − 12 ρˆAˆ†Aˆ is a standard
dissipator, thus D(dˆm) and D(dˆ†m) represent cooling and
heating effects caused by the optical cavities and thermal
environment. The corresponding rates are given by:
Γ− = γ (1 + nth) +G2−Sop (0) +G
2
+Sop (2Ω) ,
Γ+ = γnth +G
2
+Sop (0) +G
2
−Sop (−2Ω) , (7)
with the optical spectral function:
Sop(ω) =
∫ +∞
−∞
dteiωt〈dˆ(t)dˆ†(0)〉, (8)
which will be extensively discussed in the next section.
Here we only note that Sop(ω) is a real quantity, which
can be easily shown using 〈dˆ(t)dˆ†(0)〉 = 〈dˆ(0)dˆ†(−t)〉.
Equation (7) shows how the standard mechanical dis-
sipation, given in terms of damping γ and thermal oc-
cupation nth, can be strongly modified by the optical
environment. In particular, G2±Sop (0) is contributed
from the rotating-wave terms, while G2+Sop (2Ω) and
G2−Sop (−2Ω) originate from the counter-rotating terms
in the Hamiltonian Eq. (3). In the case of resolved side-
band, only G2±Sop (0) contributes significantly.
While the first line of Eq. (6) would simply lead to
a thermal state of the mechanical mode, the stationary
solution is modified by the squeezing superoperators in
the second line. They are given by DS(Aˆ)ρˆ = AˆρˆAˆ −
1
2 AˆAˆρˆ− 12 ρˆAˆAˆ, with the rate:
ΓS = G+G−Sop (0) . (9)
The generation of squeezing can be ascribed to the pres-
ence of such terms.
A. General formula for the squeezed quadrature
The master equation becomes physically more trans-
parent when rewritten in Lindblad form. Equation (6)
deviates from the Lindblad form due to the squeez-
ing terms DS(dˆm) and DS(dˆ†m), whose role is to induce
squeezing by relaxing the mechanics to a thermal state
of a certain Bogoliubov mode.
For example, in the extreme resolved sideband limit
we have Sop (0) = 4/κc and Sop (±2Ω) = 0. Neglecting
the small mechanical damping γ = 0, Eq. (6) reads:
dρˆ (t)
dt
= ΓoptD(Bˆ)ρˆ, (10)
where Γopt = 4(G
2
−−G2+)/κc. This limit is in agreement
with our previous discussion about relaxation into the
vacuum of the Bˆ mode.
In the general case, The Lindblad form of Eq. (6) is
derived as follows (see details in Appendix D):
dρˆ (t)
dt
= ΓB
′
− D(Bˆ′)ρˆ+ ΓB
′
+ D(Bˆ′†)ρˆ, (11)
where the new Bogolubov mode is
Bˆ′ ≡ ΓS
b
√
2b
a− b dˆm +
√
a− b
2b
dˆ†m, (12)
with a = Γ− + Γ+ and b =
√
(Γ− + Γ+)2 − 4Γ2S . The
corresponding rates are ΓB
′
± = (Γ± − Γ∓ + b)/2. Setting
ΓB
′
− > Γ
B′
+ (or, equivalently Γ− > Γ+) we obtain the
stability condition:
G2+
G2−
<
1− ε− + 1/Ce
1− ε+ , (13)
where we defined the effective cooperativity
Ce = G
2
−Sop (0) /γ (14)
and the parameters ε±, characterizing the strength of the
counter-rotating terms:
ε± = Sop(±2Ω)/Sop(0). (15)
4The stationary state of Eq. (11) is a thermal state of
mode Bˆ′ and, since the coefficients in Eq. (12) are real,
the largest squeezing is obtained for the Xˆ1 quadrature.
The final result reads:〈
∆Xˆ21
〉
=
〈
Xˆ21
〉
−
〈
Xˆ1
〉2
=
1
2
e−2ζ + (ε− + (1 + 2nth) /Ce) cosh2 ζ + ε+ sinh2 ζ
1 + (1/Ce − ε−) cosh2 ζ + ε+ sinh2 ζ
,
(16)
where the denominator is always positive, due to the
stability condition Eq. (13). Equation (16) shows how
the ideal squeezing e−2ζ/2 of Eqs. (4) and (10) is de-
graded by the effect of counter-rotating terms (giving
ε± 6= 0) and mechanical damping (giving 1/Ce 6= 0). In-
tuitively speaking, stronger squeezing requires larger Ce
and smaller ε±, and this is also easy to show from analyse
of Eq. (16) (see Appendix E). However, in the bad cav-
ity regime and without coupling to the auxiliary cavities,
Sop(±2Ω) is comparable to Sop(0) and the relatively large
value of ε± (reflecting significant heating of mode Bˆ) de-
grades the mechanical squeezing, see Fig. 1(b). Quantum
interference in the coupled cavity system allows to de-
crease Sop(±2Ω) and achieve squeezing beyond 3 dB. In
the next section we will discuss in detail how to modulate
the optical spectrum to achieve this goal.
IV. SPECTRUM OF THE STRUCTURED
ENVIRONMENT
From the above discussion, we see that the values of
the optical spectrum Sop(ω) at ω = 0,±2Ω are crucial
to achieve strong mechanical squeezing. In the following,
we investigate the dependence of the optical spectrum
on system parameters and how to set up the cavities to
achieve strong squeezing.
In the weak coupling regime, the back-action of me-
chanics to the optical cavities can be neglected, thus the
optical spectrum is determined by the Hamiltonian:
HˆBO =
∑
i=1,2
[
−∆idˆ†i dˆi + Ji(dˆ†i dˆ+ dˆ†dˆi)
]
+ HˆOenv, (17)
where HˆOenv describes the baths of the optical cavities.
The corresponding quantum Langevin equations are:
˙ˆ
d = −iJ1dˆ1 − iJ2dˆ2 − κc
2
dˆ+
√
κcdˆc,in, (18)
˙ˆ
di = −iJidˆ+ i∆idˆi − κi
2
dˆi +
√
κidˆi,in, (19)
where in Eq. (19) i = 1, 2 and the noise operators dˆα,in
(α = c, 1, 2) satisfy 〈dˆα,in(t)dˆ†β,in(t′)〉 = δαβδ(t− t′). The
above Langevin equations yield the following spectrum:
Sop(ω) =
1
A (ω)
+
1
A∗ (ω)
, (20)
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FIG. 2. (Color online) (a) Optical spectrum for small J/Ω =
1/2 (green dashed), large J/Ω = 10 (orange dashed dot), and
without auxiliary cavities (blue). (b) Optical spectrum with
different couplings, J1/Ω = 1 and J2/Ω = 3 (green dashed).
As a reference, we also plot the spectrum with J1/Ω = J2/Ω =
3 (red dot-dashed) and J1/Ω = J2/Ω = 0 (blue). In both
panels, the decay of the main cavity and the auxiliary cavities
are κc/Ω = 10 and κ/Ω = 1/10, respectively.
with
A (ω) =
κc
2
− iω + i
∑
j=1,2
J2j
ω + ∆j + iκj/2
. (21)
Some representative plots of Sop(ω) are shown in
Fig. 2. Without auxiliary cavities, the optical spec-
trum has a Lorentzian shape with a single peak located
at ω = 0, the width of the peak being κc. In the
deep unresolved-sideband regime κc  Ω, the values of
Sop (±2Ω) are close to Sop (0) (i.e. ε± ≈ 1), and the
mechanical squeezing effect is suppressed.
With two coupled cavities, the simple Lorentzian line
shape is modified. Two dips emerge at −∆1 and −∆2,
i.e., at the two-photon resonance condition (E3 − E1 −
ωp = E3 − E2 see inset of Fig. 1(b)). Furthermore, the
position of the central peak remains unchanged if κ1 = κ2
and J1 = J2. To achieve small values of ε±, Sop(±2Ω)
should be minimized while Sop (0) should be maximized.
Hence, a natural choice is to set the two dips at frequency
±2Ω and the peak at frequency 0, i.e., ∆1 = −∆2 = 2Ω,
J1 = J2 = J , and κ1 = κ2 = κ (some effects of asym-
metry will be discussed in Sec. VI). With this symmetric
setting, ε− = ε+ = ε and
Sop (0) =
2
κc/2 + J2κ/ (κ2/4 + 4Ω2)
. (22)
When J, κ  Ω, this expression reduces to the result
without the auxiliary cavities Sop (0) ≈ 4/κc.
In the large J limit (J  κc), which is analogous to
the Autler-Townes regime, we find three distinct reso-
nances located at ω = ±√2J2 + 4Ω2 and 0, obtained
by diagonalizing HˆBO. The width of the middle peak is
(κc − κ) Ω2/J2 + κ/2, i.e., is limited by the linewidth of
the auxiliary cavities, with its height suppressed by the
coupling J [see Eq. (22)]. The width of the two side peaks
is (κc + κ) /4−(κc − κ) Ω2/
(
2J2
)
. For small J  κc, the
5optical spectrum follows a lineshape similar to EIT, with
two narrow dips at ω = ±2Ω (cf. Fig. 2(a)). However, for
typical parameters of this system, we find that the opti-
mal J should be on the same order of κc (see Sec. V B).
Then, the spectrum takes an intermediate shape of the
type shown in Fig. 2(b).
To characterize the dependence of ε, we should con-
sider Sop (±2Ω). If the auxiliary cavities are weakly
damped, such that κ  Ω, and assuming J2  κcκ,
one has:
Sop (±2Ω) ≈ κ
J2
. (23)
Then, Eqs. (22) and (23) lead to:
ε ' κcκ
4J2
+
κ2
8Ω2
, (κ Ω) (24)
which is a decreasing function of J and saturates to the
lower bound ε ' κ2/(8Ω2) when J2  (Ω/κ)2κcκ. Note
that Eq. (24) is also a decreasing function of the ratio
κ/Ω. In conclusion, to decrease the value of ε, it is bene-
ficial to set ∆1 = −∆2 = 2Ω, increase J , and decrease κ.
At the same time, it is important to note that a larger J
suppresses the effective cooperativty Ce.
V. OPTIMIZITION OF THE MECHANICAL
SQUEEZING
So far, we have discussed the desirable setting of the
auxiliary cavities. In this section, we focus on how to
achieve the maximum squeezing effect by optimizing the
coupling strength of the main optomechanical cell to the
drives and to the auxiliary cavities.
A. Optimal mechanical squeezing with respect to
laser strength
With the optical parameters of the auxiliary cavities
fixed as in the previous section, the mechanical squeezing
effect varies with respect to the strength of the applied
lasers. Especially, it can be rather sensitive to the relative
strength of the blue- and red-detuned drives, which we
define as r ≡ tanh ζ = G+/G−.
In Fig. 3, the variance 〈∆Xˆ21 〉 is plotted as function of
r for several values of G−. Like in the resolved-sideband
regime (i.e., without auxiliary cavities), the squeezing
has a maximum with respect to r. By increasing r,
the squeezing parameter becomes larger, but at the same
time the influence of counter-rotating terms and heating
is also enhanced [17, 31]. A balance between these two
opposite effects leads to an optimal value of r. For fixed
G− and ε < 1, this optimal value can be derived from
Eq. (16):
ropt =
D −√D2 − Ce(1− ε) (Ce (1− ε) + 1)
Ce (1− ε) . (25)
3dB
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FIG. 3. (Color online) Mechanical squeezing versus G+/G−,
with different values of G−. The solid curves are from
Eq. (16), while the discrete points (circles, squares, and tri-
angles) are from a numerical solution of the Langevin equa-
tions. As expected, small deviations appear at the largest G−
(approaching strong-coupling). The black dots marks the ap-
proximated optimal points, i.e., Eqs. (28) and (29). We used
J/Ω = 5, κ/Ω = 1/5, κc/Ω = 10, and γ/Ω = 10
−5. The
thermal bath population is nth = 10.
where
D = Ce(1− ε2) + nth(1− ε) + 1. (26)
The corresponding optimal mechanical variance is:
〈
∆Xˆ21
〉
ropt
=
1 + 2nth + Ce
(
(ropt − 1)2 + ε
(
r2opt + 1
))
2
(
1 + Ce (ε− 1)
(
r2opt − 1
)) .
(27)
Considering the relevant limit of large effective coop-
erativity Ce  1 and small counter-rotating effect ε 1,
Eq. (25) can be simplified to:
ropt ≈ 1−
√
1 + 2Ceε+ 2nth
Ce
+
1 + Ceε+ nth
Ce
. (28)
In this regime, the minumum variance is:〈
∆Xˆ21
〉
ropt
≈
√
1 + 2Ceε+ 2nth
4Ce
+
nth
2Ce
. (29)
Figure 4 shows a comparison of the above Eqs. (28) and
(29) with the numerical results. From Eq. (29) we see
that the variance decreases monotonically with G− and
saturates at:〈
∆Xˆ21
〉
|bound =
√
ε/2 ≈
√
κcκ
8J2
+
κ2
16Ω2
, (30)
where in the last step we used Eq. (24). This lower bound
implies 〈∆Xˆ21 〉 > κ/(4Ω), which shows that squeezing
beyond 3 dB requires κ < Ω.
In Fig. 3, small deviations between our analytical re-
sults and the direct numerical solution are visible when
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FIG. 4. (Color online) Mechanical squeezing with optimized
r. All lines are the analytical results from Eqs. (28) and (29)
while circles, squares, and triangles are the corresponding nu-
merical results. The boundary between the weak- and strong-
coupling regime is marked by G− = κ. In the strong coupling
regime, the effective master equation approach becomes inad-
equate. The parameters used here are J/Ω = 5, κ/Ω = 1/5,
κc/Ω = 10, and γ/Ω = 10
−5.
G− is large, due to the violation of the weak-coupling
condition. This issue is explored more systematically in
Fig. 4, where the optimal mechanical variance is plotted
with respect to G−. In the weak-coupling regime, the an-
alytical results are consistent with numerical results. In
the strong-coupling regime, the numerical results deviate
from the analytical ones, showing a nonmonotonic be-
havior with respect of G−. This is due to the significant
hybridization of the mechanical and optical modes in the
strong coupling regime, which invalidates the whole reser-
voir engineering approach towards a mechanical squeezed
vacuum.
B. Optimal mechanical squeezing with respect to J
The physics of optimization over the ratio r, discussed
in the previous Sec. V A, is similar to the resolved side-
band regime [17, 31]. In the unresolved-sideband case,
the coupling strength J between the main and auxiliary
cavities represents an additional crucial parameter for the
design of the engineered reservoir. Evidently from Fig. 1
and our previous discussion, a non-zero J is able to mit-
igate the effect of unwanted counter-rotating terms. In
particular, when J is very large the spectrum reflects
three well-separated hybridized modes, of which the one
at ω = 0 is very sharp, i.e., leads to a small values of
ε (see Fig. 2). However, in the regime of large J this
central peak is mainly due to a superposition of auxil-
iary cavity modes, thus is very weakly coupled to the
mechanical element and becomes ineffective in squeezing
its thermal state. As a consequence, the variance has a
non-monotonic dependence on J and attains the small-
FIG. 5. (Color online) (a) Mechanical squeezing vs. J for op-
timized r. The black solid line is the result of Eq. (27). The
dashed and dash-dotted lines show the corresponding values
of 1/Ce and ε, see Eqs. (14) and (15). Here κc/Ω = 10 and
nth = 10. (b) Optimal Jopt, with black lines from the approxi-
mate analytical result Eq. (35). (c) Optimized squeezing, with
black lines from the approximate analytical result Eq. (34).
In both panels (b) and (c), the red circles (nth = 0) and blue
squares (nth = 10) are obtained by minimizing Eq. (27) with
respect to J . Other parameters: κ/Ω = 1/10, γ/Ω = 10−5,
G−/Ω = 1/10.
est value at an optimal coupling Jopt, see Fig. 5(a) for a
concrete example.
Mathematically, the existence of such optimal point is
indicated by Eqs. (22) and (24). As we have discussed
in detail, Eq. (24) describes the decrease of ε by increas-
ing J , which at moderate J is beneficial to overcome the
condition of non-resolved sidebands and obtain a larger
mechanical squeezing. The strong decrease of ε with J is
shown by the dot-dashed curve of Fig. 5(a). Eventually,
ε saturates to a small finite value when J  √κκc. On
the other hand, the dashed curve of Fig. 5(a) shows a
strong decrease of the effective cooperativity Ce at large
J , which can be understood from Eq. (22): A large J
suppresses the spectral density at ω = 0 (Sop(0) ∝ J−2
for J  Ω√κc/κ, supposing Ω κ) and the decrease of
Sop(0) implies a vanishing effective cooperativity, since
Ce ∝ Sop(0). Therefore, increasing J will eventually re-
duce the degree of squeezing, despite the tiny ε.
For a more quantitative analysis we resort to Eq. (29),
where the strengths of the laser drives are optimized, and
consider the limit of Ω  κ. We obtain the following
approximation for Ce:
Ce ' C
(
1 +
J2κ
2Ω2κc
)−1
, (31)
where C = 4G2−/(γκc) is the standard cooperativity.
Furthermore, ε is well described by Eq. (24). Performing
7these approximations in the first term of Eq. (29) yields:
〈
∆Xˆ21
〉
ropt
' 1
2
√
C−1th
(
1 +
J2κ
2Ω2κc
)
+
κκc
2J2
+
κ2
4Ω2
,
(32)
where the ‘thermal’ cooperativity is defined as
Cth =
C
2nth + 1
. (33)
Note that the second contribution of Eq. (29) was omit-
ted: since we are interested in reaching a small variance,
we need nth/(2Ce) 1. Then, the first term of Eq. (29)
is larger than
√
nth/(2Ce), thus becomes the dominant
one in this regime. Note also that Eq. (32) recovers
Eq. (30) in the limit of infinite cooperativity.
Performing the optimization of Eq. (32) with respect to
J we finally obtain the maximum achievable squeezing:
〈∆Xˆ21 〉opt '
1
2
(√
C−1th +
κ
2Ω
)
, (34)
with both r and J optimized, and the optimal coupling
Jopt ' (Cth)1/4
√
Ωκc. (35)
As shown in Fig. 5(b) and (c), these approximations are
able to descibe accurately the numerical results. Further-
more the compact result of Eq. (34) highlights the two
limiting factors of the squeezing protocol: the first is the
thermal cooperativity and the second is due to the finite
line width of the auxiliary cavities. These two sources of
imperfection contribute to the minimum achievable vari-
ance in an additive way.
We also note that for typical system parameters the
factor (Cth)
1/4
√
Ω/κc is of order unity, so the optimal
J is of the same order of κc. In this regime, the cor-
responding optical spectrum is neither ‘Autler-Townes’
nor ‘EIT’. Instead it shows three gentle peaks as the dot-
dashed lines of Fig. 2(b).
VI. DISCUSSION AND CONCLUSIONS
In previous sections, the two couplings between the
main and auxiliary cavities have been assumed to be
equal, such that the optical spectrum Sop (ω) peaks at the
cavity frequency (or ω = 0 in the rotating frame). This
is generally the optimal setting except for small J1/Ω
and J2/Ω, where the effect of counter-rotating terms are
comparable to the resonant terms. As shown Fig. 6,
J1 > J2 can suppress heating and enhance cooling to
benefit squeezing. However, to achieve large squeezing,
large values of J1 and J2 are desirable (see the black
curve of Fig. 6) and, in this regime, the optimal choice
of J1/J2 remains at the symmetric setting assumed in
previous discussions.
FIG. 6. (Color online) The optimal ratio of J1/J2 (blue line)
and the corresponding mechanical squeezing (black line) vs.
J2. Other parameters are: G−/Ω = 1/10, G+ = 4/5G−,
κc/Ω = 10, κ/Ω = 1/5, γ/Ω = 1/5 and nth = 10.
Regarding the realization of the proposed setup, pa-
rameters we used in this paper about the optomechani-
cal system and the high-finesse optical cavities are feasi-
ble with current technology, especially in photonic crys-
tal nanobeams [32, 33]. The only element which is
not common is a strong coupling between the optome-
chanical system and the auxiliary cavities. However,
strong coupling between two optical cavities as large as
25 GHz has already been realized in photonic crystal
nanobeams [24]. In microtoroid system, optical cavities
can also be coupled and the coupling strength can be
sufficiently large [34] to reach J > Ω.
In summary, we have shown that, for an optomechan-
ical system in the unresolved sideband regime driven
with a two-tone laser, mechanical squeezing can still be
achieved with an improved version of reservoir engineer-
ing: the main cavity is coupled to two auxiliary ones
with carefully designed parameters. The role of these
additional cavities is to modulate the optical spectrum
and suppress the unwanted counter-rotating processes.
The underlying mechanism is a quantum interference ef-
fect analogous to EIT in atomic physics, and can lead to
strong mechanical squeezing (beyond 3 dB).
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8Appendix A: Linearization of the Hamiltonian
We discuss here the derivation of the linearized Hamil-
tonian Eq. (3). By introducing the displacement trans-
formations mentioned in the main text: aˆ = α + dˆ ,
aˆ1,2 = α1,2 + dˆ1,2, and bˆ = β + dˆm, the Langevin equa-
tions from the original Hamiltonian Eq. (1) are as follows:
˙ˆ
dm = −iΩdˆm − γ
2
dˆm − ig(α∗dˆ+ αdˆ†)− igdˆ†dˆ−√γdˆm,in,
˙ˆ
d = −i (ωc + g(β + β∗)) dˆ− κc
2
dˆ− igα(dˆm + dˆ†m)
− igdˆ(dˆ†m + dˆm)− iJ1dˆ1 − iJ2dˆ2 −
√
κcdˆc,in,
˙ˆ
di = −iωidˆi − κi
2
dˆi − iJidˆ−√κidˆi,in, (A1)
where the coherent amplitudes satisfy:
β˙ = −iΩβ − γ
2
β − ig|α|2,
α˙ = −iωcα− κc
2
α− iJ1α1 − iJ2α2 − igα(β + β∗)
− i (α+e−iω+t + α−e−iω−t) ,
α˙i = −iωiαi − κi
2
αi − iJiα, (A2)
In Eq. (A1), dˆi,in are white noise operators with correla-
tion functions 〈dˆi,in(t)dˆ†i,in(t′)〉 = δ(t − t′) for the cavity
modes (i = c, 1, 2), and 〈dˆ†m,in(t′)dˆm,in(t)〉 = nthδ(t− t′),
〈dˆm,in(t)dˆ†m,in(t′)〉 = (nth + 1)δ(t− t′) for the mechanical
bath, where nth is the thermal phonon number. All other
noise correlation functions are zero.
By neglecting in Eq. (A1) the small nonlinear terms
and frequency shift of the main cavity δωc = g(β + β
∗),
the approximate Langevin equations define the following
linearized Hamiltonian:
HˆL = ωcdˆ
†dˆ+ Ωdˆ†mdˆm + g(α
∗dˆ+ αdˆ†)(dˆ†m + dˆm)
+
∑
i=1,2
(
ωidˆ
†
i dˆi + Ji(dˆ
†dˆi + dˆdˆ
†
i )
)
+ Hˆenv, (A3)
which is still written in the original frame. To obtain
Eq. (3) we should consider the explicit time-dependence
of α. To lowest order in g, Eq. (A2) gives:
α ' α¯+e−iω+t + α¯−e−iω−t, (A4)
where:
α¯± =
α±
ω± − ωc + iκc2 −
∑
i=1,2
J2i
ω±−ωi+iκi2
. (A5)
By defining the the many-photon couplings G± = gα¯±,
which for definiteness we assume real (by a proper choice
of the drive phases), and transforming Eq. (A3) to an
interaction picture with respect to ωc(dˆ
†dˆ+dˆ†1dˆ1+dˆ
†
2dˆ2)+
Ωdˆ†mdˆm, we finally obtain Eq. (3) of the main text.
For completeness, we also give below the leading-order
solutions for the classical amplitudes of the auxiliary cav-
ities and mechanical mode:
αi ' Ji
(
α¯+e
−iω+t
ω+ − ωi + iκi2
+
α¯−e−iω−t
ω− − ωi + iκi2
)
, (A6)
β ' −g α¯
2
+ + α¯
2
−
Ω− iγ2
+ gα¯+α¯−
(
e−2iΩt
Ω + iγ2
− e
2iΩt
3Ω− iγ2
)
,
(A7)
where the latter result is obtained by inserting Eq. (A4)
in the equation for β˙ and using ω± = ωc ±Ω. The time-
dependent contribution is due to the oscillation of the
cavity intensity induced by the beat note between the
two drives.
It is also worth mentioning that the above approxima-
tions require a sufficiently small drive strength, as can be
seen by considering the corrections to the leading-order
solution. Approximating the nonlinear term −igα(β +
β∗) in Eq. (A2) through Eqs. (A4) and (A7), it is easily
seen that additional Fourier components at ωc ± 3Ω ap-
pear in the solution of α, besides corrections at the origi-
nal drive frequencies ωc±Ω. To estimate the size of these
corrections, we rely on Eq. (A5) and κi < Ω < κc (the
first inequality is necessary to achieve squeezing beyond
3 dB, see Sec. VI) to estimate α¯± ∼ α±/max[κc, J21,2/Ω].
Together with β ∼ gα¯2±/Ω, this gives:
gα(β + β∗) ∼
{
G2±
max[Ωκc, J21,2]
}
α±. (A8)
Since α± is the amplitude of the original drive, the factor
in the curly brackets should much smaller than one for
our treatment to be valid:
G±  max[
√
Ωκc, J1,2]. (A9)
In practice, the condition Eq. (A9) is not very restric-
tive. In the main text, we generally assume G−  Ω in
giving explicit numerical results (note that Ω < κc, due
to the unresolved-sideband regime). Furthermore, the
optimal point of Eq. (35) is in a regime of large J , with
J2 =
√
CthΩκc  Ωκc. In this case, Eq. (A9) is much
less restrictive than G− 
√
Ωκc.
Appendix B: Maximally squeezed quadrature
We consider the variance of Xˆθ = Xˆ1 cos θ + Xˆ2 sin θ,
where Xˆ1 = (dˆm + dˆ
†
m)/
√
2 and Xˆ2 = i(dˆ
†
m − dˆm)/
√
2,
over a general squeezed vacuum state, given by |r, β〉 =
exp[r(eiβ dˆ2m − e−iβ dˆ†2m )/2] |0〉:
〈∆Xˆ2θ 〉 =
(
sinh2 r − cosβ cosh2 r sinh2 r + 1
2
)
cos2 θ
+
(
sinh2 r + cosβ cosh2 r sinh2 r +
1
2
)
sin2 θ
− sin 2θ sinβ cosh r sinh r. (B1)
9In our case, since the Bogoliubov mode Eq. (4) has real
coefficients, we should set β = 0. Then, Eq. (B1) simpli-
fies to:
〈∆Xˆ2θ 〉 =
1
2
(
e−2r cos2 θ + e2r sin2 θ
)
, (B2)
showing that the maximally squeezed quadrature is ob-
viously Xˆ1 (i.e., θ = 0).
Appendix C: Effective master equation
We start by transforming the linearized Hamiltonian
Eq. (3) to an interaction picture with respect to the op-
tical modes:
HˆI =dˆ
†(t)(G+dˆ†m +G−dˆm) + H.c.
+ dˆ†(t)(G+dˆme−2iΩt +G−dˆ†me
2iΩt) + H.c.. (C1)
Here dˆ(t) = eiHˆBOtdˆe−iHˆBOt, where HˆBO is defined in
Eq. (17). We then apply the usual Born-Markov approx-
imations to derive an effective master equation for the
reduced mechanical density operator ρˆ(t) = TrB[ρˆtot(t)]:
dρˆ(t)
dt
= −
∫ ∞
0
TrB
[
HˆI(t),
[
HˆI(t− s), ρˆ(t)⊗ ρˆB
]]
ds.
(C2)
Notice that in the above equations we only include the
optical cavities as environment of the mechanical mode.
For now we have omitted the thermal bath, which is un-
correlated with the structured optical bath. Its effect will
be included at the end. Explicitly evaluating Eq. (C2)
through Eq. (C1) gives:
dρˆ (t)
dt
=γ−[dˆmρˆ (t) , dˆ†m] + γ+[dˆ
†
mρˆ (t) , dˆm]
+ γS
(
[dˆmρˆ (t) , dˆm] + [dˆ
†
mρˆ (t) , dˆ
†
m]
)
+ H.c.,
(C3)
with the coefficients:
γ± =
∫ ∞
0
ds
[(
G2+e
iΩs +G2−e
−iΩs) 〈dˆ(s)dˆ†(0)〉
+
(
G2+e
−iΩs +G2−e
iΩs
) 〈dˆ†(s)dˆ(0)〉] e∓iΩs,
γS =G+G−
∫ ∞
0
ds
(
〈dˆ†(s)dˆ(0)〉+ 〈dˆ(s)dˆ†(0)〉
)
, (C4)
Notice that, in obtaining Eq. (C3), we have neglected
terms with an explicitly time-dependence of the type
exp[iΩt]. These rapidly oscillating terms have a small
effect, since the typical time scale of the intrinsic evolu-
tion τS ∼ 1/Ω is much shorter than the time τR ∼ 1/γ
over which ρˆ (t) varies appreciably. Finally, by defining
Γi = 2Re[γi] and Υi = Im[γi] (with i = ±, S), the master
equation becomes more compact:
dρˆ(t)
dt
= −i[HˆLS, ρˆ(t)] + Γ−D(dˆm)ρˆ+ Γ+D(dˆ†m)ρˆ
+ ΓS
(
DS(dˆm)ρˆ+DS(dˆ†m)ρˆ
)
, (C5)
with
HˆLS = Υ−dˆ†mdˆm + Υ+dˆmdˆ
†
m + ΥS
(
dˆ2m + dˆ
†2
m
)
, (C6)
and
Γ+ = G
2
+Sop (0) +G
2
−Sop (−2Ω) + γnth, (C7)
Γ− = G2−Sop (0) +G
2
+Sop (2Ω) + γ (1 + nth) , (C8)
ΓS = G+G−Sop (0) . (C9)
Here we have also included the mechanical thermal bath,
by adding the appropriate heating and cooling rates to
Γ±. Neglecting the small effect of the Lamb shift, we
obtain Eq. (6) of the main text.
Appendix D: Lindblad form of the master equation
To write Eq. (6) explicitly in Lindblad form, we intro-
duce a Bogoliubov mode Bˆ′:
dˆm = uBˆ
′ + vBˆ′† (D1)
where u and v are supposed to be real (u2 − v2 = 1).
Then, Eq. (6) can be rewritten as follows:
dρˆ (t)
dt
=
(
v2Γ− + u2Γ+ + 2uvΓS
)D(Bˆ′†)ρˆ
+
(
u2Γ− + v2Γ+ + 2uvΓS
)D(Bˆ′)ρˆ
+
(
uv(Γ− + Γ+) + (u2 + v2)ΓS
) (DS(Bˆ′)ρˆ+DS(Bˆ′†)ρˆ) .
(D2)
The last line is zero for the following choice of u and v:
u =
Γs
b
√
2b
a− b , v = −
√
a− b
2b
, (D3)
where the definitions of a and b are given after Eq. (12).
These results are in agreement with the main text and
the rates in the first and second line of Eq. (D2) are the
ΓB
′
± , given after Eq. (12).
Appendix E: Dependence of squeezing on ε± and Ce
The parameters ε±, representing the strength of the
counter-rotating terms, play an important role in the
generation of squeezing. Supposing that the other pa-
rameters ζ, Ce, and nth are held constant, Eq. (16) is of
the simple form (A + Bx)/(C + Dx) (where x = ε− or
ε+) and leads to the four cases illustrated in Fig. 7. From
cases (a) and (c) two necessary conditions for squeezing
will be derived, see Eqs. (E1) and (E4).
Case (a) of Fig. 7 occurs by fixing ε+ and consid-
ering x = ε− as a variable. The asymptotic value is
B/D = −1/2 and it is easy to see from Eq. (16) that the
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FIG. 7. (Color online) Four general possibilities of mechanical
variance 〈∆Xˆ21 〉 versus ε±. See the main text for a detailed
explanation of the four cases. Although ε± are positive quan-
tities, to illustrate the functional dependence of Eq. (16) we
extended panels (b) and (c) to ε+ < 0.
pole is at −C/D > 0. Since the physically meaningful
region is on the left side of the pole, it is indeed true that
the variance is monotonically increasing with ε−. Me-
chanical squeezing is not possible unless the variance is
smaller than 1/2 at ε− = 0, which leads to the following
constraint on the thermal occupation:
nth <
Ce(1− e−2ζ)
2 cosh2 ζ
, (E1)
The other three cases (b), (c), and (d) correspond to
x = ε+ as a variable while fixing ε−. The asymptotic
value is B/D = 1/2, and the position of the pole is given
by:
C
D
=
1 + (1/Ce − ε−) cosh2 ζ
sinh2 ζ
. (E2)
Panels (b) and (c) assume C/D > 0, i.e., ε− <
1/ cosh2 ζ + 1/Ce. At ε+ = 0 the variance is:
A
C
=
1
2
e−2ζ + (ε− + (1 + 2nth) /Ce) cosh2 ζ
1 + (1/Ce − ε−) cosh2 ζ
, (E3)
which is positive since C/D > 0. Then there are two
cases: 0 < A/C < 1/2 is plotted in panel (b), where the
variance monotonically decreases with ε+ and the largest
squeezing is achieved at ε+ = 0; A/C > 1/2 is plotted in
panel (c), where decreasing ε+ leads to a larger variance.
This dependence is opposite to what one would expect,
however here 〈∆Xˆ21 〉 is always larger than 1/2. Thus, the
latter regime is not interesting for squeezing zero-point
motion.
Following this discussion, we get another necessary
condition for squeezing:
ε− <
1− e−2ζ
2 cosh2 ζ
− nth
Ce
, (E4)
which can be simply obtained from Eq. (E3) by setting
A/C < 1/2. Furthermore, the right hand side of Eq. (E4)
should be larger than zero (since ε− is always positive),
which allows us to recover the bound on nth given in
Eq. (E1).
The last case to consider is C/D < 0, which leads to
panel (d). Comparing Eqs. (E2) and (E3), one can see
that A/C is negative. Therefore, Eq. (16) implies either
an unphysical negative value (on the left of the pole) or
no squeezing at all (on the right side).
In summary we find that, in all cases where squeezing
is possible, the variance is reduced by decreasing ε±. Fol-
lowing a similar proof we can show that, when the other
parameters are fixed, increasing Ce always reduces the
variance.
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